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Discretization-Based Analysis of Structural
Electrodynamics
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This paper expetimentally confirms the fundamental dynamic properties of an electrodynamic
structure. The discretization effects are examined for the conversion of continuous properties

such as mass, stiffness and surface charge into discrete quantities. In the systems considered, the
linearized characteristics are well-matched with the nonlinear systems in the sense that the
linearized effects dominate over the high-order nonlinear terms. A conductive strip experiment

is conducted in order to improve our understanding of the fundamental characteristics of the

electrodynamic structure from discrete systems to continuous systems. The measured equilibrium

positions agree with the analytically predicted equilibrium positions up to some small errors.
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1. Introduction

This paper considers structures whose dynamic
characteristics are predominantly derived from
external free-electron forces. These structures will
be referred to as electrodynamic structures, and
the study of such systems will be referred to as
structural electrodynamics. No known fundamen-
tal studies in structural electrodynamics were
found in the searched literature, although specific
applications utilizing the electrostatic forces have
been reported (Park, 1992; Bryant et al., 1986;
Rhim et al., 1985; Udd, 1985; Mihora et al., 1979;
Brook et al., 1982; Golsee et al,, 1985; Kang et al,,
1999). The electrostatic form of thin film mem-
branes has been proposed (Mihora et al.. 1979),
in which nonlinear large-deflection membranes
are considered for use as optical reflectors. In
other investigations, a large antenna concept has
been studied by NASA (Brook et al, 1982). The
antenna was designed and fabricated with flat and
curved back electrodes. This research suggests

that surface charges, when appropriately
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controlied, can be turned from a liability into an
asset. Potential benefits include reduction of ther-
mally induced mechanical stresses caused by ther-
mal gradients, reduced warping, elimination of
moving mechantcal components. and varying
equilibrium position capability (deployment,
stewing. uncotling, varying focal length, etc.)
{Grohe, 1960; Lewis, 1985; Giachino. 1986; Kind
et al., 1983 Doggett et al, 1990; Quinn, 1985;
Wada, 1989: Chong et al, 1990; Wen, 1992;
Golsee et al.. 1985). The technology is applicable
to precise surfaces (lenses, mirrors, microwave/
optical antennas, reflectors,
branes, micromotors, linear force actuators. etc.).

acoustical mem-
The fundamental properties (static equilibrium
angles and natural frequencies) of the electrically
charged particle motion is investigated analyti-
cally (Kang et al., 1999a). By adopting a discrete
particles approach, Kang and Park formulate the
equations governing the planar electrodynamics
of interconnected electrical charged particles.
Then, as simple examples, they describe the
electrodynamics of the fixed charge electroscope
and the electrostatic string (Kang et al., 1999b).

In this paper the discretization effects are
examined for the conversion of continuous prop-
erties such as mass, stiffness and surface charge
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into discrete quantities. The material properties
are measured to account for stiffness effects, and
for boundary effects with grounded materials
which are investigated to seek efficient methods to
get a larger value of strip deflections using appro-
priate voltages. In this paper, an experiment for a
conductive strip is conducted in order to improve
our understanding of the discretization-based
analysis of structural electrodynamics.

2. Formulations

2.1 Electrostatic potential energy (Halliday
et. al, 1970)

The work done on a test charge Q' by the
electric field £ during an arbitrary displacement
from point ¢ to point p, as shown in Fig. 1, is
given by

b . - & e -~ b
Wa=['Fdi=[ Q£ = [ Ecostis
T dy . !

=400 [ 00 5
={le e~ (U (n
in which @ and @ denote a test charge which is
moving along an arbitrary path from g to b, and
a fixed charge in the electric field, respectively. £
is an electric field vector whose magnitude, the

where » is the

electric field strength E, is "?7

distance from the measured position to §. Here x
denotes the electrical constant of the medium
which is x =8.98755x 10029 x 10°(N % C™?), &
is the permittivity of the free space given by go=
8.854x 1072 (F/m). (Uy)a and ({/.), denotes

SN

Fig. 1 Electric field( £) system.

the electric potential energy at points g and b,
respectively.

Equation (1) identifles the work done on a test
charge (@ by the electric field £, which depends
only on the initial distance s, (2 distance from a
fixed charge ) to a point g) and the final dis-
tance y, (a distance from a fixed charge ) to a
point b), and not on the path connecting these
points ¢ and p. The work done by a conservative
force can be represented by a potential energy
function. We may consider the distance 3, to
define the base reference level from which the
potential energy is measured. It is often conve-
nient to let point g be at an infinite distance, that
(Ue) o= (Ue) =0
Thus, the potential energy of the test charge at
any point in an electric field 1s equal to the work

is, letting j,=co, so that

done by the eleciric force when the test charge is
brought from the point in question to a reference
level, often taken as infinity.

From the above ideas. to bring a charge g, from
an infinite distance against the field of a charge g,
to a distance ry, requires work which is equal to
the final potential energy

(U =20 2
Fiz

Now suppose another charge g, is brought
from an infinite distance to a point that is
from g, and sy from . The total potential
energy then is

(Ue)s=(Us) 2+*~g‘~‘z 143 +__g__)f 203 (3)
i3 a3

Extending this procedure to additional charges.
we arrive at the following general expression for
the potential energy of a group of » discrete point
charges at rest. The general form is given by

(Uan=5 & Mo % & X
i=l/=1+1 ¥ 2 i:ijzf,-i‘@J ¥y

m which », (/=12 »m) and »;(j=1,2, .-, 5}
denote the distance of the /~th fixed charge from
the reference and the distance of the j-th fixed
charge from the reference point, respectively.

2.2 Discretization of the structure
Consider a cantilever beam with uniformly
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Fig. 2 Discrete cantilever beam.

distributed loads. The beam has a distributed
mass and stiffness. The strain energy of the beam
(Meirovitch, 1980) is

Us:% ’/O‘IEI (x)(

in which E and /{x) denote the elastic modulus
and the moment of inertia, respectively. and / and
y denote the length of the beam and the transverse
displacement of the beam. respectively. The beam
is now discretized into p elements of width J as
shown in Fig. 2, where ph=/, and the mass
assoctated with these segments is lumped into

2
2 ']
f;rz) dx (%)

discrete masses at the center of the segments. The
angles of rotation are measured relative to the
horizontal axis.

From Fig. 2,

Ly bl pax<ivnm  ©
where g, denotes the angle of rotation at x = .
Note that Eq. (5) and (6) assume small curva-
ture; however, the displacements and slopes can
be large. Indeed, discretization by Eq. (6) allows
for a beam that is undergoing large deformations.
Substituting Eq. (6) into (5), the strain energy
for the discrete system can be expressed as a
function of the generalized coordinates as follows;
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Fig. 3 Rectangular conducting plate and sub-
domains.

2.3 Discretization of the charge

The exact solution for the charge distribution
can be obtained only for a few specialized geome-
tries. In general, the surface must be discretized,
and the distributions are found by a numerical
method. A numerical method to calculate the
charge distributions over a square subdomain is
introduced (in Harvington, 1968).

Consider a rectangular plate of dimension g x
b, perfectly conducted by a potential V, which is
divided into 4 identical rectangular subdomains
as shown in Fig. 3. In Fig. 3, S,(=x X y) repre-
sents the area of the ;-th subdomain, and @,
represents the charge over the ;j-th subdomain.
The potential 1/, (on the ;-th subdomain) is due
to its own charge and to the charges on the other
subdomains. The procedure yields a set of
linear algebraic equations in terms of » unknown
charges:

Vi=BPQ =12 s ) ©)

where P, (7, j=1, 2, -, ), are called the coeffi-
cients of potential.

In the planar case, P; is given by

Py= X .
=z + =y ?
where the position (x,, y,) refers to the center of
the ;~th subdomain.

The inversion of Eq. (9) yields the surface
charge over each subdomain. Since the potential
of a conductor is distributed uniformly over its
surface, we let the potential V¥, be equal to V.
The capacitance of the rectangular plate is then
given by

(i=7) (10)

‘-——__Q..M_.i._. .
c=%~420 (an
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Fig. 4 Capacitance as a function of the subdomains.

where ) and » denote the total electric charges
and the number of the subdomain, respectively.

Figure 4 shows the capacitance as a function of
the number of the subdomain. It shows that the
charge distributions are almost constant when the
number of subdomains is greater than 100. In
general, charge densities along the edges of the
plate are greater than the charge densities adja-
cent to the centerline of the plate (Ruo, et al.,
1979).

2.4 Static equilibrium equation

Invoking Lagrange's equations of motion for
conservative systems, we obtain a set of nonlinear
ordinary differential equations in general coordi-

nates 7,{i=1, 2, ---, ) as follows (Metrovitch.

19703
_djoT} 0T ,oU .y 5 ..
wdz‘[adj FF AT AR =1, 2, ) (12)

in which 7 and {J denote the kinetic energy and
the potential energy, respectively.

From Eq. (12), neglecting the gravitational
energy in this system, the potential energy of the
system can only be composed of the electrical
energy [J, and strain energy [Js, by carrying out
the necessary differentiations, and letting the
acceleration and velocity terms equal zero, that is,
Gilty=3G.(t)=0 (k=1, 2. -, »). we obtain the
nonlinear set of algebraic equations governing the
static equilibrium of the planar electrodynamic
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Fig. 5 Conductive strip experimental system.

system as follows:

FRHEF0=0 ([=1,2 ) (13)

in which 77 denotes the equilibrium position and
k5 i1s Eq. (8).

3. Experiment and Results

3.1 Laboratory set up

The objective of the continuous conductive
strip experiment is to improve our understanding
of structural electrodynamics from discrete sys-
tems to continuous systems. The specific purpose
of the experiment is to measure the equilibrium
positions of the continuous conductive strip. In
the experimental system, a thin conductive strip is
electrically connected to a copper plate as shown
in Fig. 5.

The thin fabric strip is made of 100% polyester
non-woven interfacing sheet, which is coated
with a conductive material, Aquadag-E, which
has a low mass, low stiffness, and a smooth
surface.

The experimental system is designed to generate
electric fields that cause repelling forces between
the conductive strip and the rigid copper plate. As
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shown in Fig. §, a conductive strip of dimension
{304.8 mmx63.5 mm is fixed at the end of the
copper rod of length (101.6 mm), and suspended
simultaneously at the end of both side by two
tnsulated strings. A copper plate of dimension
{304.8 mmx76.2 mm is also fixed to the plexig-
lass supporting stand. The conductive strip and
the copper plate are electrically connected to a
common power supply providing a maximum
voltage of 30 kilovolts. The position of the con-
ductive strip must be adjusted after each measure-
ment to its original position using strings for the
sequential experiments. The equilibrium position
of the strip is measured from a shadow created by
the strip casting on the grid paper (the grid is
composed of {.27 mm x 1.27 mm
measurements are first videotaped and then
evaluated.

squares). The

3.2 Measurements of the flexural rigidity of
the strip
In order to account for the stiffness effect of the

-1
T
o

5 AR WY
<,
a
]
PR TR SIS TN O WV

Deflection (x25.4mm)

[w]
N
&)

Undeformed length (x254mm)

Fig. 6 Deflection at the free end of the strip under its

own weight.

conductive strip, the effective flexural rigidity £/
is measured. The weight of the conductive strip
coated with the conductive material Aquadag-E
is 0.277 N/m?(0.227 N/m* before coating). The
cantilevered strip deforms under its own weight.
The measured deflections at the free end of the
conductive strip are shown in Fig. 6. Table 1
shows that the measured effective flexural rigidity
of the strip is 0.425x 107% kg.m?%/sec?.

3.3 Equilibrium

The surface charge and the stiffness effects of
the conductive strip can be computed accurately
by examining the subdomain in small sizes.
However. the labor involved in solving Egs. (7)
and (9) increases rapidly as the number of sub-
domains increases. Thus our interest lies in deter-
mining a reasonable number of subdomains.

For surface charge computation, the conductive

Conduciive strip

» 152 Amm 152.4mm R
63.5mm
1 P
ab=0.6 4-;4
N =6/a
Ny =2.5h N=N x Ny
Copper plate
L 304.8rm
76.2mimn
b
ab =035 h‘*

Fig. 7 Surip and copper plate divided into sub-
domains.

Table 1 Measurement of the flexural rigidity, £7.

Measured point Dimensioniess

Dimensionless Flexural rigidity

from root (mm) displacement load kg. m3/sec?
38.1 0.2813 2.4210 0.421 x 1078
44.5 0.4005 3.6315 0.423x 1078
50.8 0.5290 54210 0425 x 10
54.0 0.5582 6.5263 0.424> 10~
57.2 0.6391 7.6842 0.427x 107
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Fig. 8 Capacitance of the strip in terms of the num-
ber of subdomains.

Fig. 9 Initial position of the strip before the system
is charged.

strip is divided into N identical rectangular sub-
domains in which the dimensional ratio a/b is 0.
6. and the copper plate is divided into 2N rectan-
gular subdomains in which the dimensional ratio
is 0.5 as shown in Fig. 7. Then, the surface
charges at the equilibrium positions are predicted
analytically by solving Egs. (9) and (13) simulta-
neously. The associated capacitance is calculated
by Eq. {9). Figure 8 shows the capacitance of the
conductive strip in terms of the number of sub-
domains, in which the charge distributions are
almost constant when the number of subdomains
increases to more than 324 (V,=36). The proper
level of discretization is determined by examining
these discretization effects.

Figures 9 and 10 show the initial position of
the strip before wiring and the equilibrium post-
tion of the conductive strip after wiring, respec-
tively. Figure 11 shows that the measured equilib-
rtum positions compared favorally with the
predicted shape of the strip.

Fig. 18 Photograph of the equilibrium position of
the strip {with 6000 volis).
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Fig. 11 Equilibrium position of the strip.

The gravitational effects and the effects of the
grounded chamber {image charges)are neglected
in the calculations. As shown in Fig. i, the
measured equilibrium positions agree with the
analytically predicted equilibrium positions up to
the tolerance of the measurement system. Errors
may appear due 1o the exclusion effect of the
grounded chamber, the boundary condition of the
support of the strip, and the elastic anisotropy In
the membranate.

Figure 12 shows different equilibrium positions
depending on the applied potentials. As shown in
Fig. 12, the deflections of the conductive strip
increase as the applied potential increases.
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Fig. 14 Boundary effect of the grounded sphere
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Fig. 13 Grounded sphere systern.

3.4 Boundary effects

Boundary effects are examined to seek efficient
methods to get larger deflections of the strip using
appropriate lower applied voltages. Two types of
boundary effects, the effects of the grounded
sphere (using a table tennis ball whose surface is
coated with the conductive matertal Aquadag-E)
and the grounded copper rod (using a same size
of the copper rod fixed the strip) are examined in
this experiment. The grounded sphere s
positioned at the center line of the strip as shown
in Fig. 13. The equilibrium positions are mea-
sured at varying distances s, between the strip and
the grounded sphere using 3000 volts, as shown in
Fig. 14. The deflection of the strip increases as the
distance of the grounded sphere s becomes closer.

A grounded copper rod is positioned as shown

Fig. 15 Grounded copper rod system.

e Tty
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Fig. 16 Boundary etfect of the copper rod (with 3000
volis).
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in Fig. 15. Figure 16 shows that the grounded
copper rod has an effect on the deflection of the
strip, in which the deflection of the sirip increases
as the copper rod is positioned closer without any
changes in the applied voltages. It implies that
zero potentials are enforced by introducing nega-
tive induction charges on the surface of the
grounded sphere or copper rod. The grounded
elements can control the deflection of the strip
depending on its position.

4. Conclusions
The objective of this paper is to examine vari-

properties of
electrodynamic structures, and to confirm the

ous fundamental planar
analytically predicted electrodynamic properties
with experiments. The discretization effects as-
sociated with the charge distributions and the
distributed displacements of the electrodynamic
structure are examined for numerical calculations.
The experiment is conducted in order to improve
our understanding of discretization-based analy-
sis of the fundamental characteristics of the
electrodynamic structure. An experiment for the
conductive strip is designed to measure the equi-
librium positions when the conductive strip is
wired. The deformations obtained experimentally
agree with the predictions up to the tolerance of
the measurement system. Grounded boundary
effects dominate in the deflection of the conduc-
tive strip. In summary, the demonstrated ability to
predict and to understand the behavior of these
simple electrodynamic systems has important
implications. one implication being that more
structures can be
designed and controlled using proper analyical

complex electrodynamic

methods.
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